We study totally disconnected locally compact second countable (t.d.l.c.s.c.) groups that contain a compact open subgroup with finite rank. We show such groups that additionally admit a pro-π compact open subgroup for some finite set of primes π are virtually an extension of a finite direct product of topologically simple groups by an elementary group. This result, in particular, applies to l.c.s.c. p-adic Lie groups. We go on to prove a decomposition result for all t.d.l.c.s.c. groups containing a compact open subgroup with finite rank. In the course of proving these theorems, we demonstrate independently interesting structure results for t.d.l.c.s.c. groups with a compact open pro-nilpotent subgroup and for topologically simple l.c.s.c. p-adic Lie groups.
Introduction
There are a number of theorems that point to a deep relationship between the compact open subgroups and the global structure of a totally disconnected locally compact (t.d.l.c.) group; cf. [1] , [5] , [8] , [9] , [22] . These global structural consequences of local properties are, following M. Burger and S. Mozes [5] , often called local-to-global structure theorems. In the work at hand, we contribute to the body of local-to-global structure theorems by proving results for t.d.l.c. groups that have a compact open subgroup of finite rank where Definition 1·1. A profinite group has rank 0 < r ∞ if every closed subgroup contains a dense r-generated subgroup. When a profinite group has rank r < ∞, we say it has finite rank.
t.d.l.c. groups. This perspective, we submit, is problematic as compact generation does not pass to closed subgroups.
1·1. Statement of results
Definition 1·3. A t.d.l.c. group G is said to be locally x for x a property of profinite groups, if G contains a compact open subgroup with property x. In the case G has a compact open subgroup with finite rank, we say G is locally of finite rank.
We consider t.d.l.c.s.c. groups that are locally of finite rank; via a deep result of M. Lazard [13] and later work of A. Lubotzky and A. Mann [14] , l.c.s.c. p-adic Lie groups, e.g. SL 3 (Q p ), are examples. Our first main theorem is a structure result for locally of finite rank groups that are also locally pro-π for some finite set of primes π. Under this additional assumption, we obtain the following:
Theorem 1·4. Suppose G is a t.d.l.c.s.c. group that is locally of finite rank and locally pro-π for some finite set of primes π. Then there is a series of closed characteristic subgroups
(1) A 1 is elementary and G/A 2 is finite; and (2) if G is non-elementary, A 2 /A 1 ≃ N 1 × · · · × N k for 0 < k < ∞ where each N i is a non-elementary compactly generated topologically simple p-adic Lie group of adjoint simple type for some p ∈ π.
The collection of elementary groups is the smallest class of t.d.l.c.s.c. groups that contains the profinite and discrete groups, is closed under group extension, and is closed under countable increasing union. This class is identified and investigated in [21] . A p-adic Lie group is of adjoint simple type if it is isomorphic to S(Q p ) + for some adjoint Q p -simple isotropic Q p -algebraic group S.
As a corollary, we obtain a decomposition result for l.c.s.c. p-adic Lie groups. We call attention to the similarity with the solvable-by-semisimple decomposition for connected Lie groups.
Corollary 1·5. Suppose G is l.c.s.c. p-adic Lie group. Then there is a series of closed characteristic subgroups
(1) A 1 is elementary and G/A 2 is finite; and (2) if G is non-elementary, A 2 /A 1 ≃ N 1 × · · · × N k for 0 < k < ∞ where each N i is a non-elementary compactly generated topologically simple p-adic Lie group of adjoint simple type.
For a l.c.s.c. p-adic Lie group G, it follows G/A 1 has a semisimple Lie algebra. The aforementioned similarity with the connected setting is thus quite deep. The pro-π assumption is lastly removed; this results in a more complicated structure result.
Theorem 1·6. Suppose G is a t.d.l.c.s.c. group that is locally of finite rank. Then there is a series of closed characteristic subgroups
(1) A 1 and G/A 2 are elementary; and (2) if G is non-elementary, A 2 /A 1 = i∈ω P i where (P i ) i∈ω is an ⊆-increasing sequence of non-elementary compactly generated open subgroups of A 2 /A 1 such that for each i ∈ ω there is a closed characteristic series
where (a) A 1 is elementary and P i /A 2 is finite; and (b) A 2 /A 1 ≃ N 1 × · · · × N ki for 0 < k i < ∞ where each N j is a non-elementary compactly generated topologically simple p-adic Lie group of adjoint simple type for some prime p.
The proofs of the above theorems require two independently interesting lines of inquiry. We first study locally pro-nilpotent groups. Here we obtain partial decomposition results.
Theorem 1·7. Suppose G is a t.d.l.c.s.c. group that is locally pro-nilpotent and locally pro-π for some finite set of primes π. Then there is a sequence of closed characteristic subgroups {1} =: L 0 L 1 . . . L k G with 0 k |π| − 1 such that (1) G/L k is locally pro-p for some p ∈ π; and (2) for each 1 i k, there is q ∈ π such that L i /L i−1 = j∈ω H j where (H j ) j∈ω is an ⊆-increasing sequence of compactly generated open subgroups of L i /L i−1 with H j / Rad LE (H j ) locally pro-q for every j ∈ ω.
Theorem 1·8. Suppose G is a t.d.l.c.s.c. group that is locally pro-nilpotent. Then there is an open characteristic N G such that N = i∈ω H i where (H i ) i∈ω is an ⊆-increasing sequence of compactly generated open subgroups, and for each i, there is a finite set of primes π so that H i / Rad LE (H i ) is locally pro-nilpotent and locally pro-π.
Our principal local-to-global results additionally require a study of topologically simple l.c.s.c. p-adic Lie groups. We prove three results for such groups.
Proposition 1·9. If G is a non-elementary topologically simple l.c.s.c. p-adic Lie group, then G is isomorphic to a closed subgroup of GL n (Q p ) for some n and L(G), the Lie algebra of G, is simple.
Via the proposition, a close relationship with Q p -algebraic groups emerges.
Theorem 1·10. Suppose G is a non-elementary topologically simple l.c.s.c. p-adic Lie group. Then G ≃ H(Q p )
+ with H an adjoint Q p -simple isotropic Q p -algebraic group.
This relationship gives strong restrictions on the automorphism group.
Theorem 1·11. Suppose G is a non-elementary topologically simple l.c.s.c. p-adic Lie group, let Aut(G) be the group of topological group automorphisms of G, and let Inn(G) be the collection of inner automorphisms. Then Aut(G)/ Inn(G) is finite.
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Generalities on t.d.l.c. groups
We begin with a brief overview of necessary background. The notations, definitions, and facts discussed here are used frequently and, typically, without reference.
2·1. Notations
All groups are taken to be Hausdorff topological groups and are written multiplicatively. Topological group isomorphism is denoted ≃. We use "t.d.", "l.c.", and "s.c." for "totally disconnected", "locally compact", and "second countable", respectively.
For a topological group G, S(G) and U(G) denote the collection of closed subgroups of G and the collection of compact open subgroups of G, respectively. All subgroups are taken to be closed unless otherwise stated. We write H o G and H cc G to indicate H is an open subgroup and cocompact subgroup of G, respectively. Recall H G is cocompact if the quotient space G/H is compact in the quotient topology.
For any subset K ⊆ G, C G (K) is the collection of elements of G that centralize every element of K. We denote the collection of elements of G that normalize K by N G (K). The topological closure of K in G is denoted by K. For A, B ⊆ G, we put
For k 1, A ×k denotes the k-th Cartesian power. For a, b ∈ G, [a, b] := aba −1 b −1 . Ordinal numbers are used in this work. The first countable transfinite ordinal is denoted by ω; i.e. ω = N as linear orders where N denotes the natural numbers. We take N to include zero and use N and ω interchangeably. The compact open subgroups in a t.d.l.c. groups given by van Dantzig's theorem are profinite, i.e. inverse limits of finite groups; these will be discussed at length later. For the moment, we only remark that compact groups and profinite groups are one in the same in the category of t.d.l.c groups. As such, we use "compact group" and "profinite group" interchangeably.
2·2. Basic theory
The topological analogues of the familiar isomorphism theorems hold for t.d.l.c.s.c groups. The first isomorphism theorem requires non-trivial modification, hence we recall its statement. 
Using our notion of infinite unions, we may define a direct product that stays in the category of t.d.l.c.s.c. groups. This definition goes back to J. Braconnier.
Definition 2·3. Suppose A is a countable set, (G a ) a∈A is a sequence of t.d.l.c.s.c. groups, and for each a ∈ A there is a distinguished U a ∈ U(G a ). Letting {a i } i∈ω enumerate A, put
• S 0 := i∈ω U ai and give S 0 the product topology.
• S n+1 := G a0 × · · · × G an × i n+1 U ai and give S n+1 the product topology. The local direct product of (G a ) a∈A over (U a ) a∈A is defined to be
with the inductive limit topology. It is easy to see the isomorphism type of a local direct product is independent of the enumeration of A.
Since S n o S n+1 for each n ∈ ω, a∈A (G a , U a ) is a t.d.l.c.s.c group with a∈A U a as a compact open subgroup.
In a t.d.l.c. group G, there are two important notions concerning subgroups. Following P-E. Caprace, C. Reid, and G. Willis [8] , a subgroup K G is called locally normal if K is compact and
It is easy to check ∼ c is an equivalence relation on S(G) and is preserved under the action by conjugation of G on S(G). The commensurability relation further gives rise to a canonical subgroup: For N G, the commensurator subgroup of N in G is
There are also two useful concepts concerning centralizers. Generalizing the notion of the center of a group, the quasi-center, defined in [5] , of G is
Observe QZ(G) is a characteristic subgroup but not necessarily closed. Following [8] , the
The quasi-centralizer is not necessarily closed; therefore, we put
There is a topological analogue of local finiteness, which appears often in the study of t.d.l.c. groups: we call a t.d.l.c.s.c. group G locally elliptic if every finite subset generates a relatively compact subgroup. By work of Platonov [16] , G is locally elliptic if and only if it is a countable increasing union of compact open subgroups. The same work demonstrates the existence of the locally elliptic radical of G, denoted by Rad LE (G): Rad LE (G) is the unique maximal closed normal subgroup that is locally elliptic.
We conclude by recalling a general technique for producing normal but not necessarily closed subgroups in a t.d.l.c. group G. A subset A ⊆ S(G) is conjugation invariant if A is fixed setwise under the action by conjugation of G on S(G). If A is fixed setwise by all topological group automorphisms of G, we say A is invariant. We say A is hereditary if for all A ∈ A, S(A) ⊆ A. The A-core, denoted N A , is the collection of g ∈ G such that for all C ∈ A, g, C ∈ A.
By results of [21] or as an easy verification, if A ⊆ S(G) is (invariant) conjugation invariant and hereditary, then N A is a (characteristic) normal subgroup of G. A subgroup of G of the form N A for some conjugation invariant and hereditary A ⊆ S(G) is called a synthetic subgroup of G. The collection of synthetic subgroups of G many times strictly contains the collection of closed normal subgroups of G. For example, QZ(G) is a synthetic subgroup and is rarely closed.
2·3. Profinite groups
We recall a few facts and definitions from the theory of profinite groups; our discussion falls well short of comprehensive. We direct the interested reader to the excellent texts [18] and [23] .
Profinite groups admit a basis at 1 of open normal subgroups. For a profinite group U , we say (U i ) i∈ω is a normal basis at 1 for U , if U 0 = U , (U i ) i∈ω is ⊆-decreasing with trivial intersection, and for each i, U i o U .
A profinite group U is said to be pro-x for x some property of finite groups if U is an inverse limit of finite groups with property x. E.g. U may be pro-p for some prime p or pro-nilpotent. We say U is topologically (finitely generated) r-generated if U admits a dense (finitely generated) r-generated subgroup. Central to this work, we say Definition 2·5. A profinite group U has rank 0 < r ∞ if for every closed H U , H is topologically r-generated. If a profinite group U has rank r for some r < ∞, we say U has finite rank.
Profinite groups with finite rank have a well understood structure. . If U is a profinite group with finite rank, then U has a series of normal subgroups {1} C N U such that C is pro-nilpotent, N/C is solvable, and U/N is finite.
Profinite groups have a Sylow theory arising from the inverse limit construction. For a prime p, a p-Sylow subgroup of a profinite group U , denoted U p , is a maximal pro-p subgroup of U . Analogous to the finite setting, 
The Fitting subgroup of a profinite group U , denoted F (U ), is the closed subgroup generated by all normal pro-nilpotent subgroups. It is easy to see The π-core of a profinite group U , O π (U ), is the closed subgroup generated by all subnormal pro-π subgroups of U where π is a possibly infinite set of primes. In [17, Lemma 2.4] , O π (U ) is shown to be pro-π and normal. Under certain assumptions on U , the p ′ -core behaves nicely where p ′ denotes the collection of primes different from p.
Theorem 2·11 (Reid [17, Corollary 5.11] ). If U is a profinite group such that U has a topologically finitely generated p-Sylow subgroup, then U/O p ′ (U ) is virtually pro-p.
Associated to a profinite group U is the group of continuous automorphisms of U , denoted Aut(U ). There is a natural topology on Aut(U ): For K U , put
By declaring the sets A U (K) as K varies over open normal subgroups of U to be a basis at 1, Aut(U ) becomes a topological group. Following L. Ribes and P. Zalesskii [18] , we call this topology the congruence subgroup topology of Aut(U ). In the case U is topologically finitely generated, Aut(U ) is a profinite group under the congruence subgroup topology [18, Corollary 4.4.4] .
2·4. Elementary groups
Elementary groups play a central role in this work. The class of elementary groups is, intuitively, the class of all t.d.l.c.s.c. groups that can reasonably be build by hand from second countable profinite and countable discrete groups. Formally, Definition 2·12. The class of elementary groups is the smallest class E of t.d.l.c.s.c. groups such that (i) E contains all second countable profinite groups and countable discrete groups.
(ii) E is closed under taking group extensions of second countable profinite or countable discrete groups. I.e. if G is a t.d.l.c.s.c. group and H G is a closed normal subgroup with H ∈ E and G/H profinite or discrete, then
sequence of open subgroups of G with O i ∈ E for each i, then G ∈ E . We say E is closed under countable increasing unions.
The class of elementary groups is surprisingly robust supporting our intuition that E is the class of groups "built by hand".
Theorem 2·13 ( [21, Theorem 3.18] ). E enjoys the following permanence properties:
. group, and ψ : H → G is a continuous, injective homomorphism, then H ∈ E . In particular, E is closed under taking closed subgroups. (3) E is closed under taking quotients by closed normal subgroups.
We make use of a strong sufficient condition to be elementary. 
is elementary.
We call Rad E (G) and Res E (G) the elementary radical and elementary residual, respectively. Of course, it can be the case Rad E (G) = {1} and Res E (G) = G. We give a name to such groups: A t.d.l.c.s.c. group is elementary-free if it has no non-trivial elementary normal subgroups and no non-trivial elementary quotients. Elementary-free groups have a useful property.
Theorem 2·16 ([21, Corollary 9.14]). For a t.d.l.c.s.c. group G, G/ Rad E (G) has no non-trivial locally normal abelian subgroups. In particular, elementary-free t.d.l.c.s.c. groups have no non-trivial locally normal abelian subgroups.
The elementary radical and residual may be used to produce a characteristic series. For a t.d.l.c.s.c. group G, the ascending elementary series is defined by A 0 := {1}, 
Locally pro-nilpotent t.d.l.c.s.c. groups
Locally pro-nilpotent t.d.l.c.s.c. groups arise in the proofs of our principal results. So our investigations begin with a general discussion of such groups.
3·1. Structure theorems
We first consider t.d.l.c.s.c. groups that are locally pro-nilpotent and also locally pro-π for some finite set of primes π. Discrete groups are considered to be locally pro-π for any finite set of primes π.
Theorem 3·1. Suppose G is a t.d.l.c.s.c. group that is locally pro-nilpotent and locally pro-π for some finite set of primes π. Then there is a sequence of closed characteristic subgroups
Proof. We proceed by induction on |π|. Since the base case, |π| = 1, is obvious, we suppose G is as hypothesized with π = {p 1 , . . . , p n+1 }. Consider
It is easy to check D is invariant and hereditary. We may thus form
Fix U ∈ U(G) pro-nilpotent and pro-π. Letting (n j ) j∈ω be a countable dense subset of N D , form the subgroups
Certainly, (H j ) j∈ω is an ⊆-increasing sequence of compactly generated open subgroups of L 1 that exhausts L 1 . By construction of H j , we have H j ∈ D and that there is a pro-
We now produce the other
So G/L 1 is locally pro-nilpotent and locally pro-{p 2 , . . . , p n+1 }. There is thus
that satisfy the theorem by the induction hypothesis. Letting χ : G → G/L 1 be the usual projection and putting
We now reduce the general case to the locally pro-π setting.
Theorem 3·2. Suppose G is a locally pro-nilpotent t.d.l.c.s.c. group. Then there is a characteristic N o G such that N = i∈ω H i where (H i ) i∈ω is an ⊆-increasing sequence of compactly generated open subgroups, and for each i, there is a finite set of primes π so that H i / Rad LE (H i ) is locally pro-nilpotent and locally pro-π.
Proof. Fix U ∈ U(G) pro-nilpotent and let {p i } i∈ω list the primes. For C ∈ S(G), define C ∈ D if and only if for all V ∈ U(G) there is a pro-nilpotent W o V and n ∈ ω such that
It is easy to check D is invariant and hereditary. We may thus form the D-core N D , and by choice of D, N := N D is characteristic.
For all i ∈ ω, we have U pi N D . Indeed, take u ∈ U pi , C ∈ D, and V ∈ U(G). We may find W o V ∩ U and n ∈ ω such that C j n N G (W pj ). By passing to a larger n we may assume n > i. Since u centralizes U pj W pj for any j n, we have u ∈ N G (W pj ) and
We now argue N satisfies the theorem. Let (n i ) i∈ω list a countable dense subset of N D and put H i := U, n 0 , . . . , n i . Certainly, N is the increasing union of the H i each of which is compactly generated and open. Further, H i ∈ D since U ∈ D, so we may find W o U and n ∈ ω such that
is discrete and, thereby, trivially pro-π for some finite set of primes π. Else, H i / Rad LE (H i ) is locally pro-{p 0 , . . . , p n−1 }. We conclude the H i and, therefore, N satisfy the theorem.
Our work on locally pro-nilpotent groups recovers an interesting theorem of Y. Barnea, M. Ershov, and T. Weigel.
group that is non-discrete, compactly generated, and topologically simple. If G is locally pro-nilpotent, then G is locally pro-p for some prime p.
Proof. By [12, (8.7) ], G is second countable, and in view of [21, Proposition 6.2], G is non-elementary. Topological simplicity and Theorem 3·2 imply G = i∈ω H i where (H i ) i∈ω is an ⊆-increasing sequence of compactly generated open subgroups such that H i / Rad LE (H i ) is locally pro-π for some finite set of primes π. Since G is compactly generated, G = H i for some i. We conclude, since G is non-elementary, G is locally pro-π for some finite set of primes π.
Theorem 3·1 now implies either G is locally pro-p or G = i∈ω H i where (H i ) i∈ω is an ⊆-increasing sequence of compactly generated open subgroups such that H i / Rad LE (H i ) is locally pro-p. Plainly, in the former case we are done. In the latter case, it follows G is locally pro-p similar to the previous paragraph. Thus, G is locally pro-p verifying the corollary.
3·2. Examples
We close this section by computing the decompositions given by Theorem 3·1 and Theorem 3·2 in examples.
Example 3·4. We compute the decomposition given by Theorem 3·1. Fix p = q primes, letẐ q be the q-adic integers, and fix U ∈ U(P SL 3 (Q p )). Let (G n ) n∈ω list countably many copies of P SL 3 (Q p ) and take U n to be the copy of U in G n . Form
and give P the product topology. Observe P is locally pro-nilpotent and locally pro-{p, q}.
Taking p = p 1 and q = p 2 , we compute L 1 as given by Theorem 3·1. It is easy to verifŷ
Letting π be the usual projection, we have that π(L 1 ) is a closed normal subgroup of P SL 3 (Q q ). Since P SL 3 (Q q ) is topologically simple, π(L 1 ) is either trivial or the entire group. Suppose for contraction π(
Results of Willis and H. Glöckner [11] , however, imply π(
Setting
we have L 1 = j∈ω H j with (H j ) j∈ω an ⊆-increasing sequence of compactly generated open subgroups of L 1 . Additionally,
and therefore, H j / Rad LE (H j ) is locally pro-p. We have thus exhibited Theorem 3·1 for P . We point out this example shows we may not assume L 1 is locally pro-p 1 .
Example 3·5. We compute the decomposition given by Theorem 3·2. Let (p n ) n∈ω list the primes and for each n fix U n U(P SL 3 (Q pn )). Form
Observe P is locally pro-nilpotent and is not locally pro-π for any finite set of primes π. The only open normal subgroup of P is P ; hence, N as given by Theorem 3·2 is P . Setting
U j , we have N = i∈ω H i with (H i ) i∈ω an ⊆-increasing sequence of compactly generated open subgroups. One verifies
We thus exhibit Theorem 3·2 for P .
Lie groups over the p-adics
We now consider l.c.s.c. p-adic Lie groups; these groups also play an important role in the proofs of our main theorems. The primary references for this section are [3] for Lie group theory and [15] for algebraic group theory.
4·1. Preliminaries
Definition 4·1. A Lie group is a topological group with a K-manifold structure such that the group operations are analytic where K is either R, C, or some non-discrete complete ultrametric field.
In particular, a p-adic Lie group is a Lie group over Q p , the p-adic numbers; note l.c.s.c. p-adic Lie groups are t.d.l.c.s.c. groups. For our purposes, the following characterization of l.c. p-adic Lie groups is much more useful:
Theorem 4·2 (Lazard [13] , Lubotzky, Mann [14] ). Suppose G is a t.d.l.c. group. Then G is a p-adic Lie group if and only if G has a compact open subgroup that is pro-p and has finite rank.
For a l.c.s.c. p-adic Lie group G, L(G) denotes the Lie algebra. Recall there is a canonical representation Ad : G → Aut(L(G)) and Aut(L(G)) is a closed subgroup of GL n (Q p ) for some n, [3, III.3.11 Corollary 5] .
We also make use of algebraic group theory; in the following k always denotes a field.
Definition 4·3. An algebraic group is an algebraic variety G with group operations given by · and * −1 such that · : G ×2 → G and * −1 : G → G are morphisms of algebraic varieties.
An algebraic group G is connected if it is connected in the Zariski topology. A subgroup H G is algebraic if H is an algebraic subvariety of G. When an algebraic group is a variety defined over a field k, we say G is a k-algebraic group. In general, the prefix "k-" is applied to indicate an algebraic object is defined over the field k.
There are a number of notions of simplicity in the category of algebraic groups. Since confusing these definitions is easy and dangerous, we enumerate these:
For G a k-algebraic group, the set of k-rational points of G is denoted G(k); the krational points are the solutions in k n to the polynomials defining G. Under the group operations of G, G(k) is a group. There is a canonical normal subgroup of G(k), denoted G(k)
+ . Under the assumption k has characteristic zero, G(k) + is the subgroup generated by all unipotent elements of G(k). The subgroup G(k)
+ exists in the prime characteristic case; the definition, however, is a bit more complicated. When k is a local field, i.e. a nondiscrete locally compact topological field, the set of k-rational points inherits a topology from the local field k. Under this topology, G(k) is a locally compact, σ-compact, and metrizable topological group. Whenever we say "closed in G(k)", we mean closed with respect to this topology.
We are now prepared to give a central definition:
where S is an almost Q p -simple isotropic Q p -algebraic group. We say G is of adjoint simple type if S is also adjoint.
Note adjoint almost k-simple k-algebraic groups are k-simple.
4·2. Topologically simple l.c.s.c. p-adic Lie groups
We now explore non-elementary topologically simple l.c.s.c. p-adic Lie groups. We will show these groups are isomorphic to closed subgroups of GL n (Q p ) and have a simple Lie algebra. This is not immediate in the p-adic setting as Ad is not necessarily a closed map and there is no longer a direct correspondence between ideals of the Lie algebra and normal subgroups of the Lie group. Since r is solvable, there is W o N that is solvable. We may find U ∈ U(G) with U O and U ∩ N W . The penultimate term in the derived series of N ∩ U is thus a non-trivial locally normal abelian group of G contradicting Theorem 2·16. We conclude r is trivial and, therefore, L(G) is semisimple. Say L(G) = s 1 × · · · × s n with the s i simple Lie algebras.
Observe Ad is injective. Indeed, else G = ker(Ad Aut(L(G)) , and it follows G ≃ Ad(G) and Ad(G) is closed. Since Aut(L(G)) is a closed subgroup of GL n (Q p ), we conclude G is isomorphic to a closed subgroup of GL n (Q p ).
To see the simplicity of
Remark 4·6. The above argument can easily be adapted to give a proof of a result of Caprace, Reid, and Willis in forthcoming work [7] : An [A]-semisimple l.c.s.c. p-adic Lie group has a semisimple Lie algebra.
We now show non-elementary topologically simple l.c.s.c. p-adic Lie groups have a close relationship with Q p -algebraic groups. To this end, a result from the literature is required.
Proposition 4·7 ([10] Proposition 6.3).
Let G be a non-compact closed subgroup of GL n (Q p ) such that every proper, closed, characteristic subgroup is compact. Then one of the following cases holds:
(1) The closed subgroup generated by all solvable normal subgroups of
×k /Z where S is a p-adic Lie group of simple type, k 1, and Z is a central subgroup of S ×k that is invariant under a transitive group of permutations of {1, . . . , k}.
We are now prepared to prove the first theorem of this section.
Theorem 4·8. Suppose G is a non-elementary topologically simple l.c.s.c. p-adic Lie group. Then G ≃ H(Q p )
+ with H an adjoint Q p -simple isotropic Q p -algebraic group. That is to say, G is of adjoint simple type.
Proof. Via Proposition 4·5, we may identify G with a closed subgroup of GL n (Q p ) and apply Proposition 4·7. Cases (1) and (2) are impossible since G is non-elementary, so G ≃ S ×k /Z for some k 1. Suppose k > 1 and let ψ : S ×k → G be the obvious homomorphism. Writing S ×k = S 1 × · · · × S k , we have ψ(S i ) G; hence, ψ(S i ) = G for some i. We may assume i = 1.
Take i = 1 and observe ψ(S i ) must commute with ψ(S 1 ). It follows G commutes with ψ(S i ). We thus have that ψ(S i ) is central in G and, therefore, equals {1}, so S i Z for all i = 1. Thus, S is abelian, and this is absurd as G is non-elementary. We conclude G ≃ S/Z where S = T (Q p ) + for T some almost Q p -simple isotropic Q p -algebraic group. Let T be the adjoint group of T and let p : T → T be the canonical Q p -isogeny, [ 
+ , and we conclude G is of adjoint simple type.
In the next section, Q p -simplicity is not sufficient for our purposes. There is, fortunately, a way to account for this. Fact 4·9 ([15, 1.7] ). Let k be a local field. If S is an adjoint k-simple isotropic kalgebraic group, then there is k ′ a finite separable extension of k and an adjoint absolutely simple isotropic k
The next corollary follows immediately from the above fact and Theorem 4·8.
Corollary 4·10. If G is a non-elementary topologically simple l.c.s.c. p-adic Lie group, then G ≃ H(k) + as topological groups where H is an adjoint absolutely simple isotropic k-algebraic group with k a finite extension of Q p .
4·3. Automorphism groups
For k a local field and S an algebraic group, we consider Aut (S(k) + ) to be the group of topological group automorphisms of S(k) + , Inn (S(k) + ) to be the collection of inner automorphisms, Aut(S) to be the group of algebraic automorphisms of S, and Aut(k) to be the group of field automorphisms of k. We do not consider the elements of Aut(k) to be continuous.
We now study the automorphism groups of non-elementary topologically simple l.c.s.c. p-adic Lie groups. In view of the previous subsection, this is really a question concerning the automorphism group of S(k) + for an algebraic group S. Fortunately, there is a deep theorem concerning such automorphism groups: 
])
. Suppose k is a finite extension of Q p and S is a k-algebraic group that is adjoint, absolutely simple, and isotropic. If α ∈ Aut (S(k) + ), then there is a unique φ ∈ Aut(k) and unique k-isomorphism β :
A definition of φ S and φ 0 may be found in [15, 1.7] . Let us explore Theorem 4·11 further. Suppose k is a finite extension of Q p and S is an adjoint absolutely simple isotropic k-algebraic group. For each α ∈ Aut (S(k) + ), there is φ α ∈ Aut(k) and β α :
φα S → S as given by Theorem 4·11. For each φ ∈ Aut(k), we may thus define
Observe Inn (S(k) + ) Σ 1 , cf. Theorem 4·14, and
Note further, via [2, 2.3], each φ ∈ Aut(k) is continuous and, therefore, is the identity on Q p . We conclude Aut(k) = Aut(k/Q p ) and is finite.
Claim 4·12. Σ 1 is a finite index subgroup of Aut(S(k) + ).
Proof. Let us first check Σ 1 is a subgroup. Take α 1 , α 2 ∈ Aut (S(k) + ) and let β 1 and β 2 be the respective k-isomorphisms given by Theorem 4·11. Certainly, β 1 • β 2 : G → G is again a k-isomorphism, and
By the uniqueness of β α1•α2 and φ α1•α2 , we conclude β α1•α2 = β 1 • β 2 and φ α1•α2 = 1, whereby Σ 1 is closed under composition. That Σ 1 is closed under taking inverses follows similarly.
To see Σ 1 has finite index, it suffices to show for each φ ∈ Aut(k), Σ φ is contained in a right coset of Σ 1 . To this end, fix φ ∈ Aut(k) and α 1 ∈ Σ φ . Consider α 2 ∈ Σ φ and let β 1 and β 2 be the respective k-isomorphisms φ S → S given by Theorem 4·11 for α 1 and α 2 . Now,
is a k-automorphism of S, and for x ∈ S(k) + ,
2 (x). By the uniqueness of β α1•α As a corollary to the proof of Claim 4·12, the map Φ : Σ 1 → Aut(S) defined by α → β α is an injective group homomorphism.
To prove the second theorem of this section, we require two additional facts concerning Aut(S).
Theorem 4·13 ( [20, 5.7.2] ). Let G be a semisimple k-algebraic group. Then there exists a k-algebraic group Aut(G) such that for any field extension l of k we have that Aut(G)(l) is the group of l-automorphisms of G.
Theorem 4·14 ( [20, 5.7.2] ). If G is an adjoint semisimple k-algebraic group, then G is k-isomorphic to Aut(G)
• where Aut(G)
• is the connected component of 1 and the isomorphism is given by the self action of G by conjugation.
We are now equipped to prove the desired theorem.
Theorem 4·15. Suppose G is a non-elementary topologically simple l.c.s.c. p-adic Lie group, let Aut(G) be the group of topological group automorphisms of G, and let Inn(G) be the collection of inner automorphisms. Then Aut(G)/ Inn(G) is finite.
Proof. In view of Corollary 4·10, we may take G = S(k)
+ where k is a finite extension of Q p and S is an adjoint absolutely simple isotropic k-algebraic group.
Let ξ : S → Aut(S)
• send s ∈ S to the algebraic automorphism given by conjugation with s. By Theorem 4·14, ξ is a k-isomorphism of k-algebraic groups. So ξ(S(k)) = Aut(S)
• (k); cf. [15, 2.1.2]. On the other hand, let Φ : Σ 1 → Aut(S) be as described above and identify
For x ∈ S(k) + , we see ξ(x) ↾ S(k) + = Φ(x) ↾ S(k) + , and since ξ(x) is a k-automorphism of S, the uniqueness of Φ(x) implies ξ(x) = Φ(x). It follows
• ) is finite index in Σ 1 , and
. We conclude Inn(S(k) + ) is finite index in Σ 1 . In view of Claim 4·12, Inn(S(k) + ) is indeed finite index in Aut(S(k) + ) proving the theorem.
5.
Locally of finite rank t.d.l.c.s.c. groups
5·1. Preliminaries
We begin with a few easy technical results.
Lemma 5·1. Suppose U is a profinite group such that U has finite rank, is solvable, and is pro-π for some finite set of primes π. If QZ(U ) is dense in U , then QZ(U ) = U .
Proof. We induct on l(U ) n 0 for the hypothesis U (n) ⊆ QZ(U ) where
is the first trivial term in the topological derived series. The base case is immediate since U (l(U)) = {1}. For the successor case,
is the closure of a verbal subgroup of U . Say
where γ is a word in l-variables. For any u 1 , . . . , u l ∈ U , we may find sequences u
is pro-π, abelian, and topologically finitely generated, Proposition 2·10 implies the Frattini subgroup of
We may thus find r 1 , . . . , r n ∈ QZ(U ) such that r 1 , . . . , r n topologically generate
QZ(U ) by the induction hypothesis and is topologically finitely generated, it follows U (k−1)
QZ(U ).
This finishes the induction, and we conclude QZ(U ) = U . Lemma 5·2. If G is a t.d.l.c.s.c. group and U, V ∈ U(G), then F (U ) ∼ c F (V ) where F (U ) and F (V ) are the Fitting subgroups of U and V , respectively. In particular, F (U ) is commensurated by G.
Reversing the roles of U and V , we conclude F (U ∩ V ) ∼ c F (V ), and the lemma is proved.
Lemma 5·3. Suppose G is a t.d.l.c.s.c. group that is locally of finite rank and locally pro-π for some finite set of primes π. If U ∈ U(G) has finite rank and is pro-π, then Φ(U ) is commensurated where Φ(U ) is the Frattini subgroup of U . 
5·2. Elementary-free Groups
When considering a t.d.l.c.s.c. group, we may always reduce to the elementary-free normal section A 2 /A 1 via Theorem 2·17. In view of this, we begin by examining locally of finite rank and locally pro-π groups that are elementary-free. Our work on locally pro-nilpotent groups and l.c.s.c. p-adic Lie groups enters here.
Lemma 5·4. Suppose G is a t.d.l.c.s.c. group that is locally of finite rank and locally pro-π for some finite set of primes π. If G is elementary-free, then G is locally pronilpotent.
Proof. Fix U ∈ U(G) with finite rank such that U/F (U ) is solvable. By Lemma 5·3, Φ(U ) is commensurated. We may thus form
is dense in U and every element in U ∩ QC G (U/Φ(U )) is quasicentral in the quotient U/Φ(U ). Thus, U/Φ(U ) is a profinite group that has finite rank, is solvable, is pro-π, and has a dense quasi-center. Applying Lemma 5·1, every element of U/Φ(U ) is quasi-central. Letting u 1 , . . . , u n topologically generateŨ := U/Φ(U ), we have
is open and central inŨ , so Z(Ũ ) oŨ . Proposition 2·9 implies π −1 (Z(Ũ )) o U is pro-nilpotent, which proves the lemma.
Lemma 5·5. Suppose G is a t.d.l.c.s.c. group that is locally of finite rank and locally pro-π for some finite set of primes π. If G is non-elementary and topologically simple, then G is a non-elementary topologically simple l.c.s.c. p-adic Lie group for some p ∈ π Proof. Suppose G is as hypothesized. Via Lemma 5·4, G is also locally pro-nilpotent. Theorem 3·1 implies there is p ∈ π such that either G is locally pro-p or G = n∈ω H n with (H n ) n∈ω an ⊆-increasing sequence of open subgroups of G for which H n / Rad LE (H n ) is locally pro-p for each n. In the former case, we have the lemma in view of Theorem 4·2.
For the latter, H n / Rad E (H n ) is also locally pro-p. Consider U ∈ U(H n / Rad E (H n )) that is pro-nilpotent. Since U is pro-nilpotent, the Sylow subgroups centralize each other. Since U also has an open pro-p subgroup, we see the q = p Sylow subgroups must have open centralizer. However, H n / Rad E (H n ) has trivial elementary radical, and elements with open centralize fall in the elementary radical. Therefore, for every pro-nilpotent U ∈ U(H n / Rad E (H n )), we have U is indeed pro-p.
Fixing k ∈ ω, form the sequence of subgroups ( Fix W ∈ U(H 0 ) that is pro-nilpotent and suppose W has a non-trivial q = p Sylow subgroup, W q . By the previous paragraph, there must be n such that W q /W q ∩Rad E (H n ) is non-trivial. For such an n, we have
is a non-trivial pro-q subgroup of a pro-nilpotent compact open subgroup of H n / Rad E (H n ). This contradicts that every pro-nilpotent compact open subgroup of H n / Rad E (H n ) is pro-p.
We conclude H 0 is locally pro-p and, therefore, G is locally pro-p. Applying Theorem 4·2, G is a l.c.s.c. p-adic Lie group.
We now find minimal non-trivial normal subgroups and show they are non-elementary topologically simple p-adic Lie groups.
Lemma 5·6. Suppose G is a non-trivial t.d.l.c.s.c. group that is locally of finite rank and locally pro-π for some finite set of primes π. If G is elementary-free, then G has exactly 0 < k < ∞ many minimal non-trivial normal subgroups.
Proof. Put N := {N G | {1} = N }. We claim filtering families in N have non-trivial intersection; recall a filtering family of subgroups is such that for any two members of the family there is a third member contained in both. Indeed, suppose (N α ) α∈I is a filtering family in N and put N := α∈I N α . For contradiction, suppose N = {1}.
Fix U ∈ U(G) such that U has finite rank and is pro-π. Via Lemma 5·4, we may take U to be pro-nilpotent. Let (g n ) n∈ω list a countable dense subset of G and for each n 0 put P n := U, g 0 , . . . , g n . Certainly, G = n∈ω P n , and since G is elementary-free, we have that P n is non-elementary for all but finitely many n. By passing to a subsequence, we may assume every P n is non-elementary.
By [6, Proposition 2.5], the normal core of U in P n , K n := h∈Pn hU h −1 , is such that every filtering family of non-discrete closed normal subgroups of P n /K n has nontrivial intersection. Observe all K n must be non-trivial. Indeed, else fix n such that K n is trivial. So (N α ∩ P n ) α∈I is a filtering family of closed normal subgroups for P n with trivial intersection, and some N α ∩ P n must be discrete. We conclude N α is discrete contradicting that G is elementary-free.
The action of P n on K n by conjugation is a continuous action by automorphisms, and thus, the induced map P n → Aut(K n ) is a continuous homomorphism when Aut(K n ) is given the congruence subgroup topology. Since K n is topologically finitely generated, Aut(K n ) is profinite, and Theorem 2·13 implies P n /C Pn (K n ) is elementary.
Since (K n ) n∈ω is ⊆-decreasing, (C Pn (K n )) n∈ω forms an ⊆-increasing sequence of subgroups, so
is a normal subgroup of G. Furthermore, G/R = n∈ω P n R/R, and since P n R/R ≃ P n /P n ∩ R is a quotient of P n /C Pn (K n ), Theorem 2·13 implies P n /P n ∩ R is elementary. We conclude G/R is elementary and, as G is elementary-free, n∈ω C Pn (K n ) is dense in G.
Let u 1 , . . . , u k topologically generate U . Since n∈ω C Pn (K n ) is dense and Φ(U ) is open by Proposition 2·10, there are g 1 , . . . , g k ∈ C Pn (K n ) for some sufficiently large n such that g i Φ(U ) = u i Φ(U ) for 1 i k. We conclude g 1 , . . . , g n = U and C Pn (K n ) is open for all sufficiently large n. Each element of K n for sufficiently large n thus has an open centralizer. This, however, contradicts that G is elementary-free since QZ(G) Rad E (G) and K n is non-trivial. We conclude α∈I N α is non-trivial.
As a particular case of the above result, decreasing ⊆-chains in N have non-trivial intersection. So N admits ⊆-minimal elements by Zorn's lemma. It now remains to show there are finitely many minimal non-trivial normal subgroups.
Let M list all ⊆-minimal elements of N and for each E ⊆ M, let N E := N | N ∈ E . Taking E M and N ∈ M \ E, we see N E avoids the non-trivial elements in N . Indeed, since N commutes with the generators of
and M = {1} as required. Now consider K := {N M\F | F ⊆ M is finite} where, if needed, N ∅ := {1}. Plainly, K is a filtering family of closed normal subgroups, and when F = ∅, N M\F is a normal subgroup of G that avoids the non-trivial elements of each member of F . For contradiction, suppose M is infinite. Every element of K is thus non-trivial, so K ⊆ N . Since filtering families in N have lower bounds in N , K := K is non-trivial. However, K must contain a minimal non-trivial normal subgroup of G. Fixing such a subgroup L, the construction of K implies K N M\{L} , and this is absurd since N M\{L} avoids L \ {1} ⊆ K. We conclude M is finite proving the lemma.
For G as in the above lemma, we denote the collection of minimal non-trivial normal subgroups by M(G).
Lemma 5·7. Suppose G is a non-trivial t.d.l.c.s.c. group that is locally of finite rank and locally pro-π for some finite set of primes π. If G is elementary-free, then each N ∈ M(G) is a non-elementary topologically simple p-adic Lie group for some p ∈ π.
Proof. Fix N ∈ M(G). Since the elementary radical and residual of N are characteristic subgroups, it follows Rad E (N ) = {1} and Res E (N ) = N , i.e. N is elementary-free.
Via Lemma 5·6, N has finitely many non-trivial minimal normal subgroups K 1 , . . . , K n . The action of G by conjugation permutes {K 1 , . . . , K n } and induces a continuous homomorphism ψ : G → Sym(n). Since ker(ψ) has finite index and Res E (G) = G, ψ is the trivial homomorphism. So each of K 1 , . . . , K n is normal in G, and the minimality of N implies K 1 = · · · = K n = N . We conclude N is topologically simple.
We now have that N is a locally of finite rank, locally pro-π t.d.l.c.s.c. group that is elementary free and topologically simple. Applying Lemma 5·5, N is a l.c.s.c. p-adic Lie group for some p ∈ π.
5·3. Simple Normal Subgroups
We further examine the topologically simple normal subgroups obtained in the previous section. Our investigations require a general lemma; the proof of which invokes a subsidiary fact from the literature.
Lemma 5·8 ([4, Lemma 5.3] ). Let k be a local field, G be a simply connected almost ksimple k-algebraic group, and H a locally compact group. Then any non-trivial continuous homomorphism π : G(k) → H is proper -i.e. the preimage of any compact set is compact.
With the above lemma in hand, we obtain a general fact concerning topologically simple l.c.s.c. p-adic Lie groups.
Lemma 5·9. Suppose G is a t.d.l.c.s.c. group, N is a non-elementary topologically simple l.c.s.c. p-adic Lie group, and ψ : N → G is a non-trivial continuous homomorphism. Then ψ is a closed map and N ≃ ψ(N ).
Proof. Applying Theorem 4·8, we may assume N = S(Q p ) + for S some adjoint Q psimple isotropic Q p -algebraic group. TakeS the simply connected covering of S and letp :S → S be the covering Q p -isogeny, [15, (1.4.11) ]. Since isogenies carry almost Q p -simple factors to almost Q p -simple factors,S is an almost Q p -simple Q p -algebraic group.
SinceS is simply connected,S(Q p ) =S(Q p ) + , [15, (2.3.1) ]. We thus havẽ
In view of [15, (2.3.4) ], ψ •p :S(Q p ) → G is a non-trivial continuous homomorphism, whereby Lemma 5·8 implies ψ •p is proper. It follows ψ is also proper sincep ↾S (Qp) is surjective. We conclude ψ : N → G is a closed map and N ≃ ψ(N ).
As an immediate consequence of Lemma 5·9, we obtain information on certain quasiproducts. Recall a t. 
5·4. Decomposition Theorems
We now bring together our results to prove the principal theorems of this work.
Theorem 5·12. Suppose G is a t.d.l.c.s.c. group that is locally of finite rank and locally pro-π for some finite set of primes π. Then the ascending elementary series
Proof. Put H := A 2 /A 1 . Observe H is elementary-free, locally of finite rank, and locally pro-π; if H is trivial, then G is elementary and the theorem is immediate. Suppose H is non-trivial and let N 1 , . . . , N k list the minimal normal subgroups of H given by Lemma 5·6. Each N i is non-elementary and, by Lemma 5·7, a topologically simple p-adic Lie group for some p ∈ π. Theorem 4·8 implies each N i is of adjoint simple type, and applying [15, (2.3.5) ], each N i is compactly generated.
Via Lemma 5·11, we have C H (N i )N i = H for each i and, thus,
is a closed normal subgroup of H that meets N i trivially for each i, and since the N i list all non-trivial minimal normal subgroups of H,
The conjugation action of G/A 1 on the collection of minimal normal subgroups of
Thus, A 2 is finite index in G finishing the proof of the theorem.
We get an immediate, interesting corollary: Corollary 5·13. Suppose G is l.c.s.c. p-adic Lie group. Then the ascending elementary series
Proof. By Theorem 4·2, G contains a compact open subgroup that has finite rank and is pro-p, and the corollary follows from Theorem 5·12. a Lie group via Proposition 4·5. Additionally, it is necessarily the case G/ Rad E (G) is compactly generated.
We finally relax the pro-π assumption and obtain a theorem in the general case. A technical result is required toward this end.
Lemma 5·15. Suppose U is a profinite group with finite rank. Suppose further U has no non-trivial locally normal abelian subgroups and has trivial quasi-center. If M U is pro-π for some finite set of primes π and U/M is virtually solvable, then U is pro-ξ for some finite set of primes ξ ⊇ π.
Proof. Let p 1 , . . . , p n list π. Since U has finite rank, every p i -Sylow subgroup of U is topologically finitely generated. Theorem 2·11 implies U/O p ′ i (U ) is virtually pro-p i for each i. We may thus find N i o U such that N i has a normal subgroup K i that is pro-p
If K is finite, then K must be trivial since U has trivial quasi-center. If K is infinite, then we may find W o L such that W ∩K is solvable. Since W ∩K L, it follows L has a non-trivial abelian normal subgroup contradicting our assumption on U . We conclude K is trivial, so L/K = L is pro-π proving the lemma.
The next theorem reduces the general case to Theorem 5·12. Theorem 5·16. Suppose G is a non-trivial t.d.l.c.s.c. group that is elementary-free and locally of finite rank. Then
where (P i ) i∈ω is an ⊆-increasing sequence of non-elementary compactly generated open subgroups of G such that for each i ∈ ω, there is a finite set of primes π with P i / Rad E (P i ) locally of finite rank and locally pro-π.
Proof. Fix U ∈ U(G) with finite rank and let (p i ) i∈ω list the primes. Define H ⊆ S(G) by C ∈ H if and only if for all L ∈ U(G) there is W o L, (W i ) i∈ω a normal basis at 1 for W , and n 0 such that
where F (W ) is the Fitting subgroup of W . Certainly H is hereditary, and it is easy to check H is also conjugation invariant.
Form the H-core, N H , and let N := N H .
Proof of claim. It suffices to show F (U ) p k ⊆ N H for each k ∈ ω. To that end, fix k ∈ ω and u ∈ F (U ) p k . For C ∈ H and L ∈ U(G), there is W o L, (W i ) i∈ω a normal basis at 1 for W and n 0 such that
We may take n > k. Since F (W ) ∼ c F (U ) by Lemma 5·2, there is l ∈ ω so that
we haveW o L and (W i+l ) i∈ω is a normal basis at 1 forW . Additionally,
and hence,
and we have the claim.
In view of the claim and Theorem 2·6, G/N is locally solvable and, via Theorem 2·14, elementary. Since G is elementary-free, N = G and N H is dense in G. Let (n i ) i∈ω list a countable dense subset of N H and put P i := U, n 0 , . . . , n i . So (P i ) i∈ω is an ⊆-increasing sequence of compactly generated open subgroups of G that exhaust G. By passing to a subsequence, we may assume each P i is non-elementary.
By construction, P i ∈ H, so there is W o U and n 0 such that
We thus have F (W ) pj Rad E (P i ) for each j n. Letting π : P i → P i / Rad E (P i ) be the usual projection, π(F (W )) is pro-{p 0 , . . . , p n−1 }. So π(W ) is a profinite group with finite rank, π(F (W )) π(W ) is pro-{p 0 , . . . , p n−1 }, and π(W )/π(F (W )) is virtually solvable. Further, π(W ) has trivial quasi-center and, via Theorem 2·16, no non-trivial locally normal abelian subgroups. Lemma 5·15 thus implies P i / Rad E (P i ) is locally pro-π for some finite set of primes π as required.
Combining Theorem 5·12 and Theorem 5·16, we obtain a complete decomposition result for locally of finite rank t.d.l.c.s.c. groups: Corollary 5·17. Suppose G is a t.d.l.c.s.c. group that is locally of finite rank. Then the ascending elementary series {1} A 1 A 2 G is such that
(1) A 1 and G/A 2 are elementary; and (2) if G is non-elementary, A 2 /A 1 = i∈ω P i where (P i ) i∈ω is an ⊆-increasing sequence of non-elementary compactly generated open subgroups of A 2 /A 1 such that for each i ∈ ω the ascending elementary series
is so that (a) A 1 is elementary and P i /A 2 is finite; and (b) A 2 /A 1 ≃ N 1 × · · · × N ki for 0 < k i < ∞ where each N j is a non-elementary compactly generated topologically simple p-adic Lie group of adjoint simple type for some prime p.
6. Application: the class P
As an application, we consider the class of all l.c.s.c. p-adic Lie groups for all primes p, denoted P, and its elementary closure.
6·1. Preliminaries
Definition 6·1. Given a class of t.d.l.c.s.c. groups G , the elementary closure of G , denoted E G , is the smallest class of t.d.l.c.s.c. groups such that (i) E G contains G , all second countable profinite groups, and countable discrete groups.
(ii) E G is closed under group extensions of second countable profinite groups, countable discrete groups, and groups in G . (iii) If G is a t.d.l.c.s.c. group and G = i∈ω G i where (G i ) i∈ω is an ⊆-increasing sequence of open subgroups of G with G i ∈ E G for each i, then G ∈ E G . We say E G is closed under countable increasing unions.
Under mild additional conditions on G , the elementary closure is a robust class. We call classes that satisfy the hypotheses of Theorem 6·2 elementarily robust.
6·2. The elementary closure of P Theorem 6·3. The class P is elementarily robust. In particular, E P enjoys the same closure properties as in Theorem 2·13.
Proof. Certainly, P is closed under isomorphism of topological groups, taking closed subgroups, and Hausdorff quotients. We thus need to show P satisfies (a), and (b) of Theorem 6·2.
For (a), suppose H is a t.d.l.c.s.c. group and ψ : H → G is a continuous injective homomorphism with G ∈ P. Let U ∈ U(G) be a pro-p compact open subgroup with finite rank given by Theorem 4·2. Since ψ is continuous, there is W ∈ U(H) such that W ≃ ψ(W ) U . We conclude W has finite rank and is pro-p and, via Theorem 4·2, H ∈ E P. Remark 6·4. One can define a rank on E P analogous to the construction rank on E , the class of elementary groups. It is also useful to note all locally of finite rank groups lie in E P; however, these groups do not exhaust the class.
